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E-mail address: shenyonghong2008@hotmail.comThe combination of the rough set theory, vague set theory and fuzzy set theory is a novel
research direction in dealing with incomplete and imprecise information. This paper
mainly concerns the problem of how to construct rough approximations of a vague set
in fuzzy approximation space. Firstly, the b-operator and its complement operator are
introduced, and some new properties are examined. Secondly, the approximation opera-
tors are constructed based on b-(complement) operator. Meantime, k-lower (upper)
approximation is ﬁrstly proposed, and then some properties of two types of approximation
operators are studied. Afterwards, for two different kinds of approximation operators, we
introduce two roughness measure methods of the same vague set and discuss a property.
Finally, an example is given to illustrate how to calculate the rough approximations and
roughness measure of a vague set using the b-(complement) product between two fuzzy
matrixes. The results show that the proposed rough approximations and roughness mea-
sure of a vague set in fuzzy environment are reasonable.
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Fuzzy set theory was ﬁrst proposed by Zadeh [1]. It is an important mathematical approach to uncertain and vague data
analysis, and has been widely used in the area of fuzzy decision making, fuzzy control, fuzzy inference, and so on [2–5].
Thereafter, the theory of rough set was proposed by Pawlak [6], which was though of as another powerful tool for managing
uncertainty that arises from inexact, noisy, or incomplete information. In terms of method, it was turned out to be method-
ologically signiﬁcant in the domains of artiﬁcial intelligence and cognitive science, especially when representating or reason-
ing with imprecise knowledge, machine learning and knowledge discovery. In recent years, the combination of fuzzy set
theory and rough set theory has been studied by many researchers [7–13,31–35], hence, many new mathematical methods
are generated for dealing with the uncertain and imprecise information, such as the fuzzy rough sets and rough fuzzy sets,
etc. Meantime, many metric methods are presented and investigated by different authors, in order to measure the uncer-
tainty and ambiguity of the different sets [14–20].
More recently, the notion of vague sets was introduced by Gau and Buehrer [21]. In fact, it was the same concept with the
intuitionistic fuzzy sets proposed by Atanassov et al. [22,28]. In the last two decades, many scholars have been interested in
the theory and already made further studies [23–28]. Nowadays, there have been many applications of vague sets in medical
diagnosis and decision making, etc. The integration of vague set theory and rough set theory has been done in 2005 [29]. The
rough approximations of a vague set in Pawlak approximation space were presented and the roughness measure of a vague
set had emerged. Subsequently, the concept of rough vague sets was provided by Al-Rababah [30]. However, the main results
of the previous two papers are limited in the Pawlak approximation space based on the equivalence relation. Consequently,2010 Published by Elsevier Inc. All rights reserved.
(Y. Shen).
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to deﬁne the rough approximations of a vague set in fuzzy approximation space, but also give roughness measure of a vague
set in fuzzy approximation space.
The rest of this paper falls into ﬁve parts. In Section 2, we review the basic concepts of the vague sets, b-operator and
the fuzzy approximation space, etc. Meanwhile, we quote and prove several new properties of the b-operator. And the
concept of b-complement operator is introduced. This establishes a basis for the deﬁnition of the approximation operators
of the vague sets in fuzzy approximation space and the discussion of their properties partially. In Section 3, we construct
the lower and upper approximations of a vague set in fuzzy approximation space based on the b-operator and b-comple-
ment operator. Simultaneously, we prove that the expressions of approximation operators meet the demand of vague sets.
Following, we bring forward the concepts of the k-lower and k-upper approximations of a vague set using the k-cut rela-
tion on fuzzy approximation space. Later on several properties of two types of approximation operators are studied. In
Section 4, two roughness measures of a vague set for the different approximation operators are posed, and a correspond-
ing property is examined. In Section 5, an example is given to illustrate the proposed concepts. Finally, we conclude in
Section 6.
2. Preliminaries
For completeness and clarity, we introduce some basic knowledge and notions of vague set theory and fuzzy set theory in
this section. In addition, the b-operator and b-complement operator are introduced to elicit the concepts of lower and upper
approximations of a vague set in fuzzy approximation space, and some properties of b-operator are discussed here.
2.1. Vague sets
In this part, we review some related concepts of vague sets introduced by Gau and Buehrer [21].
Let U ¼ fu1;u2; . . . ; ung be the universe of discourse, ui denotes a generic element of U. A vague set A in the universe of
discourse U is characterized by a truth-membership function tA and false-membership function fA given bytA : U ! ½0;1;
fA : U ! ½0;1;where tAðuiÞ is a lower bound on the grade of membership of ui derived from ‘‘the evidence for ui”, fAðuiÞ is a lower bound on
the negation of ui derived from ‘‘the evidence against ui”, and tAðuiÞ þ fAðuiÞ 6 1. Thus the grade of membership of ui in the
vague set A is bounded to a subinterval ½tAðuiÞ;1 fAðuiÞ of [0,1]. This indicates that if the actual grade of membership is
lðuiÞ, then tAðuiÞ 6 lðuiÞ 6 1 fAðuiÞ.
In general, the vague set A is written as A ¼ fhx; tAðxÞ; fAðxÞi : x 2 Ug, where the interval ½tAðxÞ;1 fAðxÞ is called the vague
value of x in A.
Next, we will give some rules of operations containing equality, inclusion, intersection, union and complement of the va-
gue sets.
Deﬁnition 2.1. Let A ¼ fhx; tAðxÞ; fAðxÞi : x 2 Ug and B ¼ fhx; tBðxÞ; fBðxÞi : x 2 Ug be two vague sets of the universe of discourse
U, then
(a) equality: A ¼ B iff 8x 2 U; tAðxÞ ¼ tBðxÞ and fAðxÞ ¼ fBðxÞ;
(b) inclusion: A#B iff 8x 2 U; tAðxÞ 6 tBðxÞ and fAðxÞP fBðxÞ;
(c) intersection: C ¼ A ^ B iff 8x 2 U; tCðxÞ ¼ tAðxÞ ^ tBðxÞ ¼ inf ðtAðxÞ; tBðxÞÞ and fCðxÞ ¼ fAðxÞ _ fBðxÞ ¼ supðfAðxÞ; fBðxÞÞ;
(d) union: D ¼ A _ B iff 8x 2 U; tDðxÞ ¼ tAðxÞ _ tBðxÞ ¼ supðtAðxÞ; tBðxÞÞ and fDðxÞ ¼ fAðxÞ ^ fBðxÞ ¼ inf ðfAðxÞ; fBðxÞÞ;
(e) complement: Ac ¼ ðAÞc iff 8x 2 U; tAc ðxÞ ¼ fAðxÞ and fAc ðxÞ ¼ tAðxÞ.
2.2. Fuzzy relation and fuzzy approximation space
Let U;V be two non-empty and ﬁnite universes, FðUÞ denotes all the fuzzy sets on U;FðU  VÞ denotes all the fuzzy rela-
tions on U  V . Especially, if U ¼ V ;FðU  UÞ be called the binary fuzzy relation of U.
Usually, for the ﬁnite universes U ¼ fu1;u2; . . . ; umg; V ¼ fv1; v2; . . . ;vng, the fuzzy relation R 2 FðU  VÞ may be ex-
pressed by the fuzzy matrix, i.e., if the element rij ¼ Rðui;v jÞ, then the matrix R ¼ ðrijÞmn represents a fuzzy relation on
U  V . In general, 0 6 rij 6 1, if rij ¼ 0;1, the fuzzy matrix R will becomes a Boolean matrix.
Deﬁnition 2.2. Suppose R ¼ ðrijÞmn is a fuzzy matrix, for all k 2 ½0;1, the k-cut matrix of R is deﬁned as follows:Rk ¼ ðrijðkÞÞmn;
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1; rij P k;
0; rij < k:

One can see from the above deﬁnition that the k-cut matrix Rk indicates the k-cut relation, i.e., for all ðu;vÞ 2 U  VRkðu;vÞ ¼ 1() Rðu;vÞP k; 8k 2 ½0;1:
Obviously, the k-cut matrix is a Boolean matrix.
Deﬁnition 2.3. Suppose R 2 FðU  UÞ, if the following conditions are satisﬁed, namely,
(a1) Reﬂexivity: Rðu; uÞ ¼ 1; 8u 2 U;
(b1) Symmetry: Rðu; vÞ ¼ Rðv; uÞ; 8u;v 2 U;
(c1) Transitivity: Rðu;vÞP W
w2U
ðRðu;wÞ ^ Rðw;vÞÞ; 8u;v 2 U;
then the relation R be called the fuzzy equivalence relation on U. The pair ðU;RÞ is called the fuzzy approximation space.
In addition, if R 2 FðU  UÞ and R satisﬁes reﬂexivity and symmetry, then R is called the fuzzy similarity relation.
Generally, if the universe U is a ﬁnite set, then the fuzzy equivalence relation R can be expressed by a fuzzy equivalence
matrix. By Deﬁnition 2.3, if R ¼ ðrijÞnn is a fuzzy matrix, then the satisﬁed conditions will change into the following
expressions:
(a2) Reﬂexivity: rii ¼ 1;
(b2) Symmetry: rij ¼ rji;
(c2) Transitivity: rij P
Wn
k¼1
ðrik ^ rkjÞ.
If a Boolean matrix R has the reﬂexivity, symmetry and transitivity, then R is called an equivalent Boolean matrix, and it
expresses an ordinary equivalence relation.
Additionally, let R be a fuzzy equivalence relation, for all k 2 ½0;1, we know that the k-cut matrix Rk is an equivalent Bool-
ean matrix. Moreover, we have the following conclusion.
Lemma 2.1. Let R 2 FðU  UÞ be a fuzzy relation, R is a fuzzy equivalence relation if and only if Rk is a fuzzy equivalence relation
for all k 2 ½0;1.
If R is a fuzzy equivalence relation, then the k-cut relation Rk satisﬁes the following property.
Lemma 2.2. Let R 2 FðU  UÞ be a fuzzy equivalence relation, for all k;l 2 ½0;1, if k < l, then Rk  Rl.
Furthermore, we brieﬂy introduce several properties of operations with respect to two fuzzy equivalence relations.
Lemma 2.3. Let R; S 2 FðU  UÞ be two fuzzy equivalence relations, the following conclusions hold.
(i) R \ S is still a fuzzy equivalence relation;
(ii) R [ S is a fuzzy similarity relation; (not a fuzzy equivalence relation)
(iii) If R [ S satisﬁes the transitivity, then R [ S is a fuzzy equivalence relation.
2.3. b-Complement operator and b-complement product
In this subsection, we recall the deﬁnition of the b-operator and introduce a new concept – b-complement operator at
ﬁrst. Afterwards, several existed properties of b-operator are reviewed. And some new properties are examined. Further-
more, we deﬁne the b-product and b-complement product between two fuzzy matrixes in order to calculate conveniently.
Deﬁnition 2.4. Suppose b : ½0;1  ½0;1 ! ½0;1, for all a; b 2 ½0;1, we haveabb ¼
b
a ; a > b;
1; a 6 b;
(
ð1Þthe mapping b is called the b-operator.
Now, let us introduce a new operator given byabb ¼ 1
b
a ; a > b;
0; a 6 b;
(
ð2Þwhere a; b 2 ½0;1.
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the complement operator of b. For short, it can be called b-complement operator.
Next, we will recall and educe some new properties of the b-operator, which will provide a foundation for the proofs of
the properties of approximation operators in Section 3.
Lemma 2.4. For all a; b; c 2 ½0;1, the following conclusions hold.(L1) If b 6 c, then abb 6 abc;
(L2) ðabbÞ ^ ðabcÞ ¼ abðb ^ cÞ;
(L3) ða _ cÞba ¼ ðða ^ bÞ _ cÞba.Theorem 2.1. For all a; b; c 2 ½0;1, the inequality ða _ cÞba 6 ða _ b _ cÞbða _ bÞ holds.Proof. The proof is divided into two cases.
(i) When cP ða _ bÞ; a _ c ¼ c and a _ b _ c ¼ c, by Deﬁnition 2.4, we have
ða _ b _ cÞbða _ bÞ ¼ cbða _ bÞP cba ¼ ða _ cÞba:(ii) When c < ða _ bÞ; a _ b _ c ¼ a _ b, we can obtain
ða _ b _ cÞbða _ bÞ ¼ ða _ bÞbða _ bÞ ¼ 1P ða _ cÞba:By summing up the previous two parts, we have thus proved the theorem. hTheorem 2.2. For all a; b 2 ½0;1, the equality abb ¼ ða _ bÞbb holds.Proof. The proof will be divided into two parts.
(i) When a 6 b; a _ b ¼ b, we have ða _ bÞbb ¼ bbb ¼ 1 ¼ abb.
(ii) When a > b; a _ b ¼ a, we have ða _ bÞbb ¼ abb.
It is now obvious that the theorem holds. hTheorem 2.3. For all a; b; c 2 ½0;1, the equality ðabbÞ _ ðabcÞ ¼ abðb _ cÞ holds.Proof. The proof will be partitioned into four cases.
(i) When a 6 b; a 6 c, we know that a 6 ðb _ cÞ. Hence, we can obtain
abb ¼ 1; abc ¼ 1 and abðb _ cÞ ¼ 1:It is easy to see that ðabbÞ _ ðabcÞ ¼ abðb _ cÞ.
(ii) When b < a 6 c, we know that b _ c ¼ c. Therefore, we haveðabbÞ _ ðabcÞ ¼ b
a
_ 1 ¼ 1; abðb _ cÞ ¼ abc ¼ 1:Hence, we can easily know that ðabbÞ _ ðabcÞ ¼ abðb _ cÞ.
(iii) When a > bP c, we know that b _ c ¼ b. Hence, we haveðabb _ ðabcÞÞ ¼ b
a
_ c
a
¼ b
a
¼ abb ¼ abðb _ cÞ:(iv) When a > c P b, we can obtain b _ c ¼ c. Thus, we haveðabb _ ðabcÞÞ ¼ b
a
_ c
a
¼ c
a
¼ abc ¼ abðb _ cÞ:We summarize the previous four parts, it can easily be seen that the theorem holds. h
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trixes using the Deﬁnition 2.4.
Deﬁnition 2.5. Let A ¼ ðaijÞmn; B ¼ ðbijÞns be two fuzzy matrixes, the b-product of the matrixes A and B is deﬁned asAbB ¼ C ¼ ðcijÞms;where cij ¼
Vn
k¼1
ðaik _ bkjÞbbkj
 
; i ¼ 1;2; . . . ;m; j ¼ 1;2; . . . ; s.
Deﬁnition 2.6. Let A ¼ ðaijÞmn; B ¼ ðbijÞns be two fuzzy matrixes, the b-complement product of the matrixes A and B is
deﬁned asAbB ¼ D ¼ ðdijÞms;
where dij ¼
Wn
k¼1
aikb
ð1 bkjÞ
 
; i ¼ 1;2; . . . ;m; j ¼ 1;2; . . . ; s.
By the above deﬁnitions, one can see that the conditions of the b-product and b-complement product are the number of
columns in the left fuzzy matrix is equal to the number of rows in the right fuzzy matrix. In fact, this case is similar to the
multiplication of the ordinary matrix.
Next, we cite an example to illustrate the above deﬁnitions. If two fuzzy matrixes A and B are given as follows:A ¼
0:3 0:5
0:2 0:7
0:5 0:4
2
6664
3
7775; B ¼
0:5 0:6 0:4
0:1 0:7 0:2
" #
:Therefore, we can obtain the following two b-productsAbB ¼
1
5 1
2
5
1
7 1
2
7
1
4 1
1
2
2
6664
3
7775; BbA ¼
1
3 1
2
7 1
2
4
3
5:Meantime, we have the following two b-complement productsAbB ¼
0 25 0
0 47 0
0 14 0
2
6664
3
7775; BbA ¼
0 12
0 47
" #
:The results show that the b-product does not satisfy the commutative law. In general, even if AbB exists, BbA does not nec-
essarily exist. For the b-complement product, we have the same conclusions.
3. Rough approximations of vague sets and its properties
In this section, we will deﬁne the rough approximations of a vague set in fuzzy approximation space and discuss some
properties of the approximation operators. In essence, the problem was already proposed by Wang et al. [29]. Here, we will
try to give some answers.3.1. Lower and upper approximations of vague sets in fuzzy approximation space
Now, let us consider a vague set in fuzzy approximation space and come to the deﬁnition of the lower and upper approx-
imations of a vague set based on b-operator and b-complement operator.
Deﬁnition 3.1. Let A ¼ fhx; tAðxÞ; fAðxÞi : x 2 Ug be a vague set of the universe of discourse U and let R be a fuzzy equivalence
relation on U. The lower approximation A and the upper approximation A of A in the fuzzy approximation space ðU;RÞ are
deﬁned, respectively, byA ¼ fhx; tAðxÞ; fAðxÞi : x 2 Ug; ð3Þ
A ¼ fhx; tAðxÞ; fAðxÞi : x 2 Ug; ð4Þ
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tAðxÞ ¼
^
y2U
ðRðx; yÞ _ tAðyÞÞbtAðyÞð Þ;
fAðxÞ ¼
_
y2U
Rðx; yÞbð1 fAðyÞÞð Þ;
tAðxÞ ¼
_
y2U
Rðx; yÞbð1 tAðyÞÞð Þ;
fAðxÞ ¼
^
y2U
ðRðx; yÞ _ fAðyÞÞbfAðyÞð Þ:In fact, one can see that the lower approximation A and the upper approximation A are still vague sets. This assertion will be
proved by the following theorems.Theorem 3.1. Let A be a vague set of the universe of discourse U and let R be a fuzzy equivalence relation on U. The symbols A and
A denote lower approximation and upper approximation of A deﬁned by Deﬁnition 3.1, respectively. For all x 2 U, the truth-
membership function and false-membership function of the two approximation operators satisfy the following relationshipstAðxÞ þ fAðxÞ 6 1; ð5Þ
tAðxÞ þ fAðxÞ 6 1: ð6ÞProof. According to Deﬁnition 3.1, for all x 2 U, we have1 fAðxÞ ¼ 1
_
y2U
Rðx; yÞbð1 fAðyÞÞð Þ ¼
^
y2U
1 ðRðx; yÞbð1 fAðyÞÞÞ½  ¼
^
y2U
Rðx; yÞbð1 fAðyÞÞð Þ
P
^
y2U
Rðx; yÞbtAðyÞð Þ ðLemma 2:4 ðL1Þ; since 1 fAðyÞP tAðyÞÞ
¼
^
y2U
ðRðx; yÞ _ tAðyÞÞbtAðyÞð Þ ðTheorem 2:2Þ ¼ tAðxÞ:Hence, it is easy to verify that tAðxÞ þ fAðxÞ 6 1 for all x 2 U. Evidently, the other conclusion can be proved in a similar way as
shown before. h
Notice that the Theorem 3.1 shows that the expressions of truth-membership function and false-membership function in
Deﬁnition 3.1 are reasonable. Besides, it can be easily veriﬁed that the expressions tAðxÞ and fAðxÞ can be abbreviated, by Lem-
ma 2.4, astAðxÞ ¼
^
y2U
ðRðx; yÞbtAðyÞÞ;
fAðxÞ ¼
^
y2U
ðRðx; yÞbfAðyÞÞ:Next, we will discuss two special cases of Deﬁnition 3.1. First of all, if A 2 FðUÞ is a fuzzy set, then it can be written as the
following form, i.e., A ¼ fhx;lAðxÞ; mAðxÞi : x 2 Ug, and satisfying lAðxÞ þ mAðxÞ ¼ 1 for all x 2 U. Through the above deﬁnition,
the truth-membership functions of the lower approximation A and the upper approximations A of A can be obtained as
follows:lAðxÞ ¼
^
y2U
ðRðx; yÞ _ lAðyÞÞblAðyÞ
  ¼ ^
y2U
Rðx; yÞblAðyÞ
 
; 8x 2 U;
lAðxÞ ¼
_
y2U
Rðx; yÞbð1 lAðyÞÞ
 
;8x 2 U:Therefore, for all x 2 U, we have
1 lAðxÞ ¼ 1
^
y2U
ðRðx; yÞblAðyÞÞ ¼
_
y2U
ð1 Rðx; yÞblAðyÞÞ ¼
_
y2U
Rðx; yÞblAðyÞ
  ¼ _
y2U
Rðx; yÞbð1 mAðyÞÞð Þ ¼ mAðxÞ:Analogously, we can obtain lAðxÞ þ mAðxÞ ¼ 1 for all x 2 U. In essence, one can see from the previous proof of Theorem 3.1
that these conclusions hold.
From the above statement, it is obvious that the lower approximation and upper approximation of a fuzzy set are still
fuzzy sets in fuzzy environment. Generally, the pair ðA;AÞ can be called fuzzy rough sets in the fuzzy approximation space.
And it should be pointed out that the expressions of the lower and upper approximations are different from the ones pro-
posed by Liu [31,32].
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matrix, for all x; y 2 U, we have Rðx; yÞ ¼ 1 or Rðx; yÞ ¼ 0. Based on the relationship between the equivalence relation and
the equivalence class, we draw a conclusionRðx; yÞ ¼ 1; y 2 ½xR;
0; y R ½xR;

where ½xR denotes the equivalence class which belongs to x.
Consequently, by Deﬁnition 3.1, for a vague set A, the truth-membership function and false-membership function of the
lower approximation A and the upper approximation A can be further simpliﬁed. For all x 2 UtAðxÞ ¼
^
y2U
ðRðx; yÞ _ tAðyÞÞbtAðyÞð Þ ¼
^
y2½xR
ðRðx; yÞ _ tAðyÞÞbtAðyÞð Þ
0
@
1
A^ ^
yR½xR
ðRðx; yÞ _ tAðyÞÞbtAðyÞð Þ
0
@
1
A
¼
^
y2½xR
ð1btAðyÞÞ
0
@
1
A^ ^
yR½xR
ðtAðyÞbtAðyÞÞ
0
@
1
A ¼ ^
y2½xR
ðtAðyÞÞ
0
@
1
A^ ^
yR½xR
1
0
@
1
A ¼ ^
y2½xR
tAðyÞ ¼ infftAðyÞ : y 2 ½xRg;
fAðxÞ ¼
_
y2U
Rðx; yÞbð1 fAðyÞÞð Þ ¼
_
y2½xR
Rðx; yÞbð1 fAðyÞÞð Þ
0
@
1
A_ _
yR½xR
Rðx; yÞbð1 fAðyÞÞð Þ
0
@
1
A
¼
_
y2½xR
1bð1 fAðyÞÞð Þ
0
@
1
A ¼ _
y2½xR
fAðyÞ ¼ supffAðyÞ : y 2 ½xRg:Similarly, we can obtain the following two expressions by the previous inferencestAðxÞ ¼ supftAðyÞ : y 2 ½xRg;
fAðxÞ ¼ infffAðyÞ : y 2 ½xRg:From the previous results, we can see that the lower approximation A and the upper approximation A turn into the rough
approximations, which deﬁned by Wang and Al-Rababah [29,30], in Pawlak approximation space.
By summarizing the above analysis, it is not difﬁcult to ﬁnd out that the Deﬁnition 3.1 is not only an extension of the
concept of the fuzzy rough sets, but also can be viewed as a generalization of the rough vague sets in Pawlak approximation
space.
This case is the same as the rough vague sets in Pawlak approximation space, and then we can introduce the concept of
the rough vague sets in fuzzy approximation space by Deﬁnition 3.1.
Deﬁnition 3.2. Let A be a vague set of the universe of discourse U and let R be a fuzzy equivalence relation on U. The pair
ðU;RÞ is a fuzzy approximation space, A and A denote, respectively, the lower approximation and the upper approximation of
A. If A ¼ A, we call the vague set A is a deﬁnable vague set in ðU;RÞ. Otherwise, it is to be called a rough vague set in ðU;RÞ.
In order not to be confused with the rough vague sets in Pawlak approximation space, here, the rough vague sets are
called fuzzy rough vague sets in fuzzy approximation space. Universally, the pair ðA;AÞ is called fuzzy rough vague set, which
is FRVS in abbreviation.
Additionally, if R is a fuzzy equivalence relation on U, according to Deﬁnition 2.2, for all k 2 ½0;1, the k-cut relation Rk is an
equivalence relation on U. Therefore, we can deﬁne the rough approximations of a vague set using the equivalence relation Rk.
The following deﬁnition can be obtained with the same principle as rough vague sets in Pawlak approximation.
Deﬁnition 3.3. Let A ¼ fhx; tAðxÞ; fAðxÞi : x 2 Ug be a vague set of the universe of discourse U and let R be a fuzzy equivalence
relation on U. For all k 2 ½0;1, the k-lower approximation ARk and the k-upper approximation ARk of A in the fuzzy
approximation space ðU;RÞ are deﬁned, respectively, byARk ¼ x; tARk ðxÞ; fARk ðxÞ
D E
: x 2 U
n o
; ð7Þ
ARk ¼ x; tARk ðxÞ; fARk ðxÞ
D E
: x 2 U
n o
; ð8Þwhere 8x 2 U
tARk ðxÞ ¼ infftAðyÞ : y 2 ½xRkg;
fARk ðxÞ ¼ supffAðyÞ : y 2 ½xRkg;
tARk
ðxÞ ¼ supftAðyÞ : y 2 ½xRkg;
fARk
ðxÞ ¼ infffAðyÞ : y 2 ½xRkg:
Here, ½xRk is the equivalence class of the element x under the equivalence relation Rk.
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In this subsection, we mainly study the properties of the lower and upper approximations of the vague sets in fuzzy
approximation space. Some properties of k-lower and k-upper approximations of the vague sets are discussed, which have
not been discussed in [29,30].
Theorem 3.2. Let A;B be two vague sets of U, then the following properties are satisﬁed by the lower and upper approximations of
A;B:
(P1) A#A#A;
(P2) If A#B, then A#B; A#B;
(P3) A _ B ¼ A _ B; A ^ B ¼ A ^ B;
(P4) A ^ B#A ^ B; A _ B  A _ B;
(P5) Ac ¼ Ac; Ac ¼ Ac.Proof.
(P1) For all x 2 U, by Deﬁnition 3.1, we know thattAðxÞ ¼
^
y2U
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ ¼
^
y2U
y–x
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ
^
ððRðx; xÞ _ tAðxÞÞbtAðxÞÞ
¼
^
y2U
y–x
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ
^
tAðxÞ 6 tAðxÞ;
fAðxÞ ¼
_
y2U
ðRðx; yÞbð1 fAðyÞÞÞ ¼
_
y2U
y–x
Rðx; yÞbð1 fAðyÞÞð Þ
_
Rðx; xÞbð1 fAðxÞÞð Þ ¼
_
y2U
y–x
Rðx; yÞbð1 fAðyÞÞð Þ
_
fAðxÞ
P fAðxÞ:Similarly, we can also obtain tAðxÞP tAðxÞ and fAðxÞ 6 fAðxÞ, namely, we have A#A#A.
(P2) Since A#B, it satisﬁes that tAðxÞ 6 tBðxÞ and fAðxÞP fBðxÞ for all x 2 U. Now, we start to prove the conclusion.
Case 1 If there exists x 2 U such that tAðyÞP Rðx; yÞ for every y 2 U, then we can easily get tBðyÞP tAðyÞP Rðx; yÞ.
Since R is an fuzzy equivalence relation, it follows Rðx; xÞ ¼ 1. Therefore, we can know that tAðxÞ ¼ tBðxÞ ¼ 1.
Hence, it is easy to show that tAðxÞ ¼ tBðxÞ ¼ 1.
Case 2 For every x 2 U, there exists y 2 U such that tAðyÞ < Rðx; yÞ.
(i) If Rðx; yÞ 6 tBðyÞ for each y such that tAðyÞ < Rðx; yÞ, we can obtain tBðxÞ ¼ 1 for all x 2 U. Thus, we have
tAðxÞ 6 tBðxÞ ¼ 1.
(ii) If tAðyÞ 6 tBðyÞ < Rðx; yÞ, then we havetAðxÞ ¼
^
y2U
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ
¼
^
tAðyÞ<Rðx;yÞ
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ
 !^ ^
tAðyÞPRðx;yÞ
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ
 ! ^
tAðyÞ<Rðx;yÞ
ððRðx; yÞ _ tAðyÞÞbtAðyÞÞ
¼
^
tAðyÞ<Rðx;yÞ
tAðyÞ
Rðx; yÞ 6
^
tBðyÞ<Rðx;yÞ
tAðyÞ
Rðx; yÞ ðtAðxÞ 6 tBðxÞÞ 6
^
tBðyÞ<Rðx;yÞ
tBðyÞ
Rðx; yÞ ¼ tBðxÞ ðLemma 2:4 ðL1ÞÞ:By the above two cases, it is now obvious that tAðxÞ 6 tBðxÞ for all x 2 U.
Moreover, for all x 2 U, since fAðxÞP fBðxÞ ) 1 fAðxÞ 6 1 fBðxÞ. According to Lemma 2.4 (L1), we haveRðx; yÞbð1 fAðyÞÞ 6 Rðx; yÞbð1 fBðyÞÞ for all x; y 2 U:
We then can obtainfAðxÞ ¼
_
y2U
Rðx; yÞbð1 fAðyÞÞð Þ ¼
_
y2U
½1 ðRðx; yÞbð1 fAðyÞÞÞP
_
y2U
½1 ðRðx; yÞbð1 fBðyÞÞÞ
¼
_
y2U
Rðx; yÞbð1 fBðyÞÞð Þ ¼ fBðxÞ:Hence, A#B. Similarly, we can prove that A#B in the same way as shown before.
3) For all x 2 U(P
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_
y2U
Rðx; yÞbð1 tA_BðyÞÞð Þ ¼
_
y2U
ðRðx; yÞbð1 ðtAðyÞ _ tBðyÞÞÞÞ ¼
_
y2U
Rðx; yÞbðð1 tAðyÞÞ ^ ð1 tBðyÞÞÞð Þ
¼
_
y2U
1 ðRðx; yÞbðð1 tAðyÞÞ ^ ð1 tBðyÞÞÞÞ½  ðLemma 2:4 ðL2ÞÞ
¼
_
y2U
1 Rðx; yÞ ^ ð1 tAðyÞÞð Þ ^ Rðx; yÞ ^ ð1 tBðyÞÞð Þ½ 
¼
_
y2U
ð1 Rðx; yÞbð1 tAðyÞÞÞ _ ð1 Rðx; yÞbð1 tBðyÞÞÞ½ 
¼
_
y2U
ð1 Rðx; yÞbð1 tAðyÞÞÞ
 !
_
_
y2U
ð1 Rðx; yÞbð1 tAðyÞÞÞ
 !
¼
_
y2U
ðRðx; yÞbð1 tAðyÞÞÞ
 !
_
_
y2U
ðRðx; yÞbð1 tBðyÞÞÞ
 !
¼ tAðxÞ _ tBðxÞ ¼ tA_BðxÞ;
fA_BðxÞ ¼ fAðxÞ ^ fBðxÞ ¼
^
y2U
ððRðx; yÞ _ fAðyÞÞbfAðyÞÞ
 !
^
^
y2U
ððRðx; yÞ _ fBðyÞÞbfBðyÞÞ
 !
¼
^
y2U
ðRðx; yÞ _ ðfAðyÞ ^ fBðyÞÞÞbfAðyÞð Þ
 !
^
^
y2U
ðRðx; yÞ _ ðfAðyÞ ^ fBðyÞÞÞbfBðyÞð Þ
 !
ðLemma 2:4 ðL3ÞÞ
¼
^
y2U
Rðx; yÞ _ ðfAðyÞ ^ fBðyÞÞð Þb fAðyÞ ^ fBðyÞð Þð Þ ðLemma 2:4 ðL2ÞÞ ¼
^
y2U
ðRðx; yÞ _ fA_BðyÞÞbfA_BðyÞð Þ ¼ fA_BðxÞ:Hence, A _ B ¼ A _ B. Similarly, we can obtain A ^ B ¼ A ^ B by the same way.
(P4) Here, we give two methods to prove this conclusion.(a) We can see from Deﬁnition 2.1 that A ^ B#A; A ^ B#B. By the previous property (P2), we can obtain A ^ B#A and
A ^ B#B. Therefore, A ^ B#A ^ B. Similarly, A _ B  A _ B can also be proved.
(b) For all x 2 U
tA^BðxÞ ¼ tAðxÞ ^ tBðxÞ ¼
_
y2U
Rðx; yÞbð1 tAðyÞÞð Þ
 !
^
_
y2U
Rðx; yÞbð1 tBðyÞÞð Þ
 !
P
_
y2U
Rðx; yÞbð1 tAðyÞÞð Þ ^ Rðx; yÞbð1 tBðyÞÞð Þð Þ ¼
_
y2U
1 Rðx; yÞbð1 tAðyÞÞð Þ ^ 1 Rðx; yÞbð1 tBðyÞÞð Þð Þ
¼
_
y2U
1 Rðx; yÞbð1 tAðyÞÞð Þ _ Rðx; yÞbð1 tBðyÞÞð Þð Þ½ 
¼
_
y2U
1 Rðx; yÞbðð1 tAðyÞÞ _ ð1 tBðyÞÞÞ½  ðTheorem 2:3Þ ¼
_
y2U
1 Rðx; yÞb 1 tAðyÞ ^ tBðyÞð Þð Þ½ 
¼
_
y2U
1 Rðx; yÞb 1 tA^BðyÞð Þ½  ¼
_
y2U
Rðx; yÞb 1 tA^BðyÞð Þð Þ ¼ tA^BðxÞ;
fA^BðxÞ ¼ fAðxÞ _ fBðxÞ ¼
^
y2U
ððRðx; yÞ _ fAðyÞÞbfAðyÞÞ
 !
_
^
y2U
ððRðx; yÞ _ fBðyÞÞbfBðyÞÞ
 !
6
^
y2U
ððRðx; yÞ _ fAðyÞÞbfAðyÞÞ _ ððRðx; yÞ _ fBðyÞÞbfBðyÞÞð Þ
6
^
y2U
ðRðx; yÞ _ ðfAðyÞ _ fBðyÞÞÞbðfAðyÞ _ fBðyÞÞð Þ _ ðRðx; yÞ _ ðfBðyÞ _ fAðyÞÞÞbðfBðyÞ _ fAðyÞÞð Þð Þ ðTheorem 2:1Þ
¼
^
y2U
ðRðx; yÞ _ ðfAðyÞ _ fBðyÞÞÞbðfAðyÞ _ fBðyÞÞð Þ ¼
^
y2U
ðRðx; yÞ _ fA^BðyÞÞbfA^BðyÞð Þ ¼ fA^BðxÞ:Therefore, we have A ^ B#A ^ B. Similarly, we can obtain A _ B  A _ B by the method analogous to that used above.
(P5) Since tAc ðxÞ ¼ fAðxÞ; f Ac ðxÞ ¼ tAðxÞ, for all x 2 U, we know thattAc ðxÞ ¼
^
y2U
Rðx; yÞ _ tAc ðyÞð ÞbtAc ðyÞ ¼
^
y2U
ðRðx; yÞ _ fAðyÞÞbfAðyÞ ¼ fAðxÞ ¼ tAc ðxÞ;
fAc ðxÞ ¼
_
y2U
Rðx; yÞbð1 fAc ðyÞÞð Þ ¼
_
y2U
Rðx; yÞbð1 tAðyÞÞð Þ ¼ tAðxÞ ¼ fAc ðxÞ:Hence, we have Ac ¼ Ac . In addition, we can also prove that Ac ¼ Ac by the same way. h
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imation space have the same properties as the lower and upper approximations of the classical rough sets, fuzzy rough sets,
rough fuzzy sets and vague sets deﬁned in Pawlak approximation space.
Theorem 3.3. Let A be a vague set of U and let R be a fuzzy equivalence relation on U, then the lower and upper approximations
satisfy ðAÞ ¼ A and ðAÞ ¼ A, respectively.Proof. By Theorem 3.2 (P1,P2), we can easily know thatðAÞ#A and ðAÞ  A:
Similar to the proof of Theorem 3.2 (P2), we also will divide into two cases to prove another part of the theorem.
First of all, we start to prove the conclusion that tðAÞðxÞP tAðxÞ for all x 2 U.
Case 1 If there exists x 2 U such that tAðyÞP Rðx; yÞ for every y 2 U, we then obtain
tAðyÞP tAðyÞP Rðx; yÞ:Since Rðx; xÞ ¼ 1, it is obvious that tAðxÞ ¼ tAðxÞ ¼ 1.
By Deﬁnitions 2.4 and 3.1, it can easily be seen that tðAÞðxÞ ¼ tAðxÞ ¼ 1.
Case 2 For every x 2 U, there exists y 2 U such that tAðyÞ < Rðx; yÞ.
(i) If Rðx; yÞ 6 tAðyÞ for each y such that tAðyÞ < Rðx; yÞ, we can obtain tAðxÞ ¼ 1 for all x 2 U. Therefore, we have
tAðxÞ ¼ 1 for all x 2 U.
Thus, for every y 2 U, it follows tAðxÞP Rðx; yÞ. Obviously, this leads to a contradiction.
(ii) If tAðyÞ 6 tAðyÞ < Rðx; yÞ, then we havetðAÞðxÞ ¼
^
tAðyÞ<Rðx;yÞ
tAðyÞ
Rðx; yÞ :Therefore, there exists x0 2 U such that
tAðx0Þ
Rðx; x0Þ ¼ tðAÞðxÞ:Similarly, for tAðx0Þ ¼
V
tAðyÞ<Rðx0 ;yÞ
tAðyÞ
Rðx0 ;yÞ, there exists y0 2 U such thattAðy0Þ
Rðx0; y0Þ
¼ tAðx0Þ:Because the fuzzy equivalence relation satisﬁes transitivity, namely, Rðx; x0Þ ^ Rðx0; y0Þ 6 Rðx; y0Þ, we can obtaintðAÞðxÞ ¼
tAðx0Þ
Rðx; x0Þ ¼
1
Rðx; x0Þ 
tAðy0Þ
Rðx0; y0Þ
P
tAðy0Þ
Rðx; x0Þ ^ Rðx0; y0Þ
P
tAðy0Þ
Rðx; y0Þ
P tAðxÞ:According to the previous proof of two cases, we are led to the conclusion that tðAÞðxÞP tAðxÞ for all x 2 U.
Secondly, we will prove the conclusion that fðAÞðxÞ 6 fAðxÞ for all x 2 U.
Similar to the previous one, the proof can be divided into two cases.
Case 1 For every y 2 U, if there exists x 2 U such that Rðx; yÞ 6 1 fAðyÞ, then we can get fAðxÞ ¼ 0.
Since fAðxÞ 6 fAðxÞ, we have fAðxÞ ¼ fAðxÞ ¼ 0. Therefore, fðAÞðxÞ ¼ fAðxÞ ¼ 0.
Case 2 For every x 2 U, there exists y 2 U such that Rðx; yÞ > 1 fAðyÞ.
(i) If 1 fAðyÞP Rðx; yÞ > 1 fAðyÞ, we then obtain that fAðxÞ ¼ 0 for all x 2 U. Therefore, we have fAðxÞ ¼ 0 for all
x 2 U.
Hence, for all x 2 U; 1 fAðxÞ ¼ 1P Rðx; yÞ. Clearly, this is contrary to the condition.
(ii) If Rðx; yÞ > 1 fAðyÞP 1 fAðyÞ, then we have
fðAÞðxÞ ¼
_
y2U
Rðx; yÞbð1 fAðyÞÞ
  ¼ _
y2U
1 Rðx; yÞbð1 fAðyÞÞ
  ¼ 1^
y2U
Rðx; yÞbð1 fAðyÞÞ
 
¼ 1
^
Rðx;yÞ>1fAðyÞ
1 fAðyÞ
Rðx; yÞ :Thus, there exists x0 2 U such that
1 fAðx0Þ
Rðx; x0Þ ¼ 1 fðAÞðxÞ:
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V
Rðx0 ;yÞ>1fAðyÞ
1fAðyÞ
Rðx0 ;yÞ , there exists y0 2 U such that1 fAðy0Þ
Rðx0; y0Þ
¼ 1 fAðx0Þ:Analogously, we can obtainfðAÞðxÞ ¼ 1
1 fAðx0Þ
Rðx; x0Þ ¼ 1
1
Rðx; x0Þ 
1 fAðy0Þ
Rðx0; y0Þ
6 1 1 fAðy0Þ
Rðx; x0Þ ^ Rðx0; y0Þb
6 1 1 fAðy0Þ
Rðx; y0Þ
ðTransitivityÞ
6 1þ fAðxÞ  1 ¼ fAðxÞ:
The proof of the conclusion is now completed. Similarly, we can obtain ðAÞ ¼ A by the method analogous to that used
above. h
Next, we will discuss some properties of the k-lower and k-upper approximations.
Theorem 3.4. Let A be a vague set of U: R; S are two fuzzy equivalence relations on U. For all k 2 ½0;1, if R# S, then the k-lower
and k-upper approximations satisfy ARk  ASk and ARk #ASk , respectively.Proof. According to Lemmas 2.1 and 2.2, suppose R ¼ ðrijÞmn; S ¼ ðsijÞmn, if R# S, we have rij 6 sij. Therefore, for all k 2 ½0;1,
if rij P k, then sij P k. So we have Rk# Sk. Meantime, we can obtain ½xRk # ½xSk . By Deﬁnition 3.3, for all x 2 U, we havetARk ðxÞ ¼ infftAðxÞ : y 2 ½xRkgP infftAðxÞ : y 2 ½xSkg ¼ tASk ðxÞ;
fARk ðxÞ ¼ supffAðxÞ : y 2 ½xRkg 6 supffAðxÞ : y 2 ½xSkg ¼ fASk ðxÞ;
tARk
ðxÞ ¼ supftAðxÞ : y 2 ½xRkg 6 supftAðxÞ : y 2 ½xSkg ¼ tASk ðxÞ;
fARk
ðxÞ ¼ infffAðxÞ : y 2 ½xRkgP infffAðxÞ : y 2 ½xSkg ¼ fASk ðxÞ:Hence, ARk  ASk and ARk #ASk . h
From Lemma 2.3, if R; S are two equivalence relations on U, then the intersection R \ Smust be an equivalence relation on
U, but the union R [ S is not necessary an equivalence relation. The reason is that the transitivity has been untenable. Usually,
if the binary relation R satisﬁes the reﬂexivity and symmetry, we can construct the transitive closure and make it satisfy the
transitivity. As we all know, the transitive closure is a smallest transitive relation containing R, and the transitive closure of R
can be denoted by notation Rt . Therefore, the relation ðR [ SÞt is an equivalence relation and the following theorem can be
obtained.
Theorem 3.5. Let A be a vague set of U: R; S are two fuzzy equivalence relations on U. For all k 2 ½0;1, the k-lower and k-upper
approximations satisfy the following expressions.
(a) AðR[SÞtk ¼ A Rk[Skð Þt and AðR[SÞtk ¼ A Rk[Skð Þt ;
(b) AðR\SÞk ¼ ARk\Sk and AðR\SÞk ¼ ARk\Sk ;
(c) A Rk[Skð Þt #ARk _ ASk and A Rk[Skð Þt  ARk _ ASk ;
(d) ARk\Sk  ARk ^ ASk and ARk\Sk #ARk ^ ASk .Proof. For the conclusions (a) and (b), we need only to prove that ðR [ SÞk ¼ Rk [ Sk and ðR \ SÞk ¼ Rk \ Sk for all k 2 ½0;1. In
fact, suppose R ¼ ðrijÞmn; S ¼ ðsijÞmn, we haveðrij _ sijÞðkÞ ¼ 1() rij P k or sij P k;
ðrij ^ sijÞðkÞ ¼ 1() rij P k and sij P k:Therefore, we know that ðR [ SÞk ¼ Rk [ Sk and ðR \ SÞk ¼ Rk \ Sk.
Next, we start to prove the conclusions (c) and (d).
(c) For all x 2 UtA
Rk[Skð Þt
ðxÞ ¼ inf tAðyÞ : y 2 ½x Rk[Skð Þt
n o
6 infftAðyÞ : y 2 ½xRk [ ½xSkg 6 infftAðyÞ : y 2 ½xRkg _ infftAðyÞ : y 2 ½xSkg
¼ tARk ðxÞ _ tASk ðxÞ;
fA
Rk[Skð Þt
ðxÞ ¼ sup fAðyÞ : y 2 ½x Rk[Skð Þt
n o
P supffAðyÞ : y 2 ½xRk [ ½xSkgP supffAðyÞ : y 2 ½xRkg ^ supffAðyÞ : y 2 ½xSkg
¼ fARk ðxÞ ^ fASk ðxÞ;
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Rk[Skð Þt
ðxÞ ¼ sup tAðyÞ : y 2 ½x Rk[Skð Þt
n o
P supftAðyÞ : y 2 ½xRk [ ½xSkg ¼ supftAðyÞ : y 2 ½xRkg _ supftAðyÞ : y 2 ½xSkg
¼ tARk ðxÞ _ tASk ðxÞ;
fA
Rk[Skð Þt
ðxÞ ¼ inf fAðyÞ : y 2 ½x Rk[Skð Þt
n o
6 infffAðyÞ : y 2 ½xRk [ ½xSkg ¼ infffAðyÞ : y 2 ½xRkg ^ infffAðyÞ : y 2 ½xSkg
¼ fARk ðxÞ ^ fASk ðxÞ:According to Deﬁnition 2.1, it can be easily shown that the conclusions hold.
(d) For all x 2 U,tARk\Sk ðxÞ ¼ infftAðyÞ : y 2 ½xRk\Skg ¼ infftAðyÞ : y 2 ½xRk \ ½xSkgP infftAðyÞ : y 2 ½xRkg ^ infftAðyÞ : y 2 ½xSkg
¼ tARk ðxÞ ^ tASk ðxÞ;
fARk\Sk ðxÞ ¼ supffAðyÞ : y 2 ½xRk\Skg ¼ supffAðyÞ : y 2 ½xRk \ ½xSkg 6 supffAðyÞ : y 2 ½xRkg _ supffAðyÞ : y 2 ½xSkg
¼ fARk ðxÞ _ fASk ðxÞ;
tARk\Sk
ðxÞ ¼ supftAðyÞ : y 2 ½xRk\Skg ¼ supftAðyÞ : y 2 ½xRk \ ½xSkg 6 supftAðyÞ : y 2 ½xRkg ^ supftAðyÞ : y 2 ½xSkg
¼ tARk ðxÞ ^ tASk ðxÞ;
fARk\Sk
ðxÞ ¼ infffAðyÞ : y 2 ½xRk\Skg ¼ infffAðyÞ : y 2 ½xRk \ ½xSkgP infffAðyÞ : y 2 ½xRkg _ infffAðyÞ : y 2 ½xSkg
¼ fARk ðxÞ _ fASk ðxÞ:Similarly, by Deﬁnition 2.1, we know that the conclusions hold. hTheorem 3.6. Let A be a vague set of U and let R be a fuzzy equivalence relation on U. For all k;l 2 ½0;1, if k < l, then the k;l-
lower and k;l-upper approximations satisfy ARk #ARl and ARk  ARl , respectively.Proof. From Lemma 2.2 and Theorem 3.4, the conclusions can be easily proved. h
The results of the Theorem 3.6 show that the numbers of elements contained in the k-lower approximation gradually in-
crease when the parameter k increases from 0 to 1. Conversely, the numbers of elements contained in the k-upper approx-
imation gradually decrease.
4. Roughness measure of a vague set in fuzzy approximation space
The roughness measure of an ordinary set in the universe of discourse developed by Pawlak [6]. In 1996, Banerjee and
Sankar [15] proposed a roughness measure of a fuzzy set A, which is expressed asqabA ¼ 1
Aaj j
Ab
  ;where 0 < b 6 a 6 1; Aa ¼ fx 2 U : lAðxÞP ag and Ab ¼ fx 2 U : lAðxÞP bg, the notation j  j denotes the cardinality of the
set.
Afterwards, the roughness measure of a vague set in Pawlak approximation space was introduced byWang et al. [29], and
many properties of roughness measure were discussed. In this section, we will consider a roughness measure of a vague set
in fuzzy approximation space using the existing work, which is to be a generalization of the existing results.
Let A be a vague set, we will give the deﬁnition of ab-level sets of the lower approximation A and upper approximation A
in the fuzzy approximation space ðU;RÞ.
Deﬁnition 4.1. The ab-level sets of A and A denoted by Aab and Aab, respectively, are deﬁned asAab ¼ x 2 U : tAðxÞP a; f AðxÞ 6 b
n o
; ð9Þ
Aab ¼ x 2 U : tAðxÞP a; f AðxÞ 6 b
 	
; ð10Þwhere 0 < a; b < 1 and aþ b 6 1.
Now, we can introduce the roughness measure of a vague set in fuzzy approximation space.
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approximation space ðU;RÞ, is deﬁned asqabA ¼ 1
Aab
 
Aab
  : ð11ÞEspecially, qabA ¼ 0 when Aab
  ¼ 0.
Actually, if the fuzzy equivalence relation R becomes an equivalence relation, then the Deﬁnition 4.2 will reduce to the
concept of the roughness measure, which deﬁned by Wang et al. [29], in Pawlak approximation space. In addition, if the va-
gue set A changes into a fuzzy set, the Deﬁnition 4.2 will reduce to the notion of a roughness measure of a fuzzy set, deﬁned
by Banerjee and Sankar [15], based on the analysis of the Deﬁnition 3.3.
Similar to Deﬁnition 4.1, for all k 2 ½0;1, we can introduce the deﬁnition of ab-level sets of the k-lower approximation ARk
and k-upper approximation ARk of the vague set A in the fuzzy approximation space ðU;RÞ.
Deﬁnition 4.3. The ab-level sets of ARk and ARk denoted by AabðkÞ and AabðkÞ, respectively, are deﬁned asAabðkÞ ¼ x 2 U : tARk ðxÞP a; f ARk ðxÞ 6 b
n o
; ð12Þ
AabðkÞ ¼ x 2 U : tARk ðxÞP a; f ARk ðxÞ 6 b
n o
; ð13Þwhere 0 < a; b < 1 and aþ b 6 1.
Based on Deﬁnition 4.3, a roughness measure including the level k of a vague set in fuzzy approximation space can be
deﬁned as follows:
Deﬁnition 4.4. A roughness measure including the level k of the vague set A of U with respect to the parameters a; b in the
fuzzy approximation space ðU;RÞ, is deﬁned asqabA ðkÞ ¼ 1
AabðkÞ
 
AabðkÞ
  ; k 2 ½0;1: ð14ÞEspecially, qabA ðkÞ ¼ 0 when AabðkÞ
  ¼ 0.
In total, for a ﬁxed level k 2 ½0;1, since Rk is an equivalence relation on U, the roughness measure including the level k
becomes the roughness measure of a vague set in Pawlak approximation space.
Obviously, from Deﬁnitions 4.2 and 4.3, the roughness measure qabA and the roughness measure q
ab
A ðkÞ including the level
k of the vague set A in fuzzy approximation space possess the same properties as the roughness measure in Pawlak approx-
imation space stated in Ref. [29]. Consequently, the detailed description of these properties is omitted here.
Next, we give another property of roughness measure qabA ðkÞ including the level k.
Theorem 4.1. Let A be a vague set of U and let R be a fuzzy equivalence relation on U. For all k;l 2 ½0;1 and k < l, the roughness
measure qabA ðkÞ; qabA ðlÞ including the levels k; l of the vague set A in the fuzzy approximation space ðU;RÞ satisfy
qabA ðkÞP qabA ðlÞ.Proof. By Theorem 3.6 and Deﬁnition 4.3, we know that AabðkÞ#AabðlÞ and AabðkÞ  AabðlÞ. According to Deﬁnition 4.4, we
can easily obtain qabA ðkÞP qabA ðlÞ. h
The result shows that the roughness measure including the level k of vague sets decreases as the level k gradually be-
comes bigger in [0,1].
5. An illustrative example
In this section, we will illustrate how to calculate the lower and upper approximations of a vague set of the ﬁnite and non-
empty universe, in fuzzy approximation space, with the b-product between two fuzzy matrixes. And in further obtain the
calculation of the k-lower and k-upper approximations of a vague set. Besides, the roughness measure and that including
the level k of a vague set can also be obtained. Let us consider the following example. Let U ¼ fx1; x2; . . . ; x5g; R is a fuzzy
equivalence relation on U, which can also be denoted by the fuzzy equivalence matrix, as follows:Rðxi; xjÞ ¼
1 0:8 0:8 0:2 0:8
0:8 1 0:85 0:2 0:85
0:8 0:85 1 0:2 0:9
0:2 0:2 0:2 1 0:2
0:8 0:85 0:9 0:2 1
2
6666664
3
7777775
ði; j ¼ 1;2; . . . ;5Þ:
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Notice that the expression of vague sets is given by the following form, namelyA ¼ f½tAðxÞ;1 fAðxÞ=x : x 2 Ug:
The truth-membership function and false-membership function of the vague set A are viewed as two column vectors, i.e.,
two 5 1-order matrixes. And they are expressed as the tA and fA, respectively. Consequently, we havetA ¼ ðtAðx1Þ; tAðx2Þ; tAðx3Þ; tAðx4Þ; tAðx5ÞÞT ¼ ð0:2;0:7;0:4;0:1;0:6ÞT ;
fA ¼ ðfAðx1Þ; fAðx2Þ; fAðx3Þ; fAðx4Þ; fAðx5ÞÞT ¼ ð0:5;0:2;0:4;0:6;0:1ÞT :By Deﬁnitions 2.5, 2.6 and 3.1, the lower and upper approximations of the vague set A can be obtained as follows:tA ¼ RbtA ¼
1 0:8 0:8 0:2 0:8
0:8 1 0:85 0:2 0:85
0:8 0:85 1 0:2 0:9
0:2 0:2 0:2 1 0:2
0:8 0:85 0:9 0:2 1
2
666664
3
777775b
0:2
0:7
0:4
0:1
0:6
2
666664
3
777775 ¼ ð0:2;0:25;0:25;0:1;0:25Þ
T
;
tA ¼ RbtA ¼
1 0:8 0:8 0:2 0:8
0:8 1 0:85 0:2 0:85
0:8 0:85 1 0:2 0:9
0:2 0:2 0:2 1 0:2
0:8 0:85 0:9 0:2 1
2
666664
3
777775b

0:2
0:7
0:4
0:1
0:6
2
666664
3
777775 ¼ ð0:625;0:7;0:647;0:1;0:647Þ
T
;
fA ¼ RbfA ¼
1 0:8 0:8 0:2 0:8
0:8 1 0:85 0:2 0:85
0:8 0:85 1 0:2 0:9
0:2 0:2 0:2 1 0:2
0:8 0:85 0:9 0:2 1
2
666664
3
777775b

0:5
0:2
0:4
0:6
0:1
2
666664
3
777775 ¼ ð0:5;0:375;0:4;0:6;0:375Þ
T
;
fA ¼ RbfA ¼
1 0:8 0:8 0:2 0:8
0:8 1 0:85 0:2 0:85
0:8 0:85 1 0:2 0:9
0:2 0:2 0:2 1 0:2
0:8 0:85 0:9 0:2 1
2
666664
3
777775b
0:5
0:2
0:4
0:6
0:1
2
666664
3
777775 ¼ ð0:125;0:118;0:111;0:5;0:1Þ
T
:Hence, we haveA ¼ f½0:2;0:5=x1; ½0:25; 0:625=x2; ½0:25; 0:6=x3; ½0:1;0:4=x4; ½0:25;0:625=x5g;
A ¼ f½0:625;0:875=x1; ½0:7;0:882=x2; ½0:647; 0:889=x3; ½0:1;0:5=x4; ½0:647;0:9=x5g:According to Deﬁnition 4.1, if a ¼ 0:2; b ¼ 0:4, then the ab-level sets of A and A are calculated, respectively, as follows:
Aab ¼ fx2; x3; x5g; Aab ¼ fx1; x2; x3; x5g:Therefore, the roughness measure of the vague set A can be obtained as qabA ¼ 1
Aabj j
Aabj j ¼ 1
3
4 ¼ 0:25.
In addition, for all k 2 ½0;1, because k-cut matrix is an equivalence matrix, the universe U can be partitioned by the equiv-
alence matrix Rk. Obviously, when k takes the different values in [0,1], the universe Uwill be divided into the different equiv-
alence classes. The detailed classiﬁcations are listed as follows:
(c1) If 0 6 k 6 0:2, there is one class: fx1; x2; x3; x4; x5g;
(c2) If 0:2 < k 6 0:8, there are two classes: fx1; x2; x3; x5g; fx4g;
(c3) If 0:8 < k 6 0:85, there are three classes: fx1g; fx2; x3; x5g; fx4g;
(c4) If 0:85 < k 6 0:9, there are four classes: fx1g; fx2g; fx3; x5g; fx4g;
(c5) If 0:9 < k 6 1, there are ﬁve classes: fx1g; fx2g; fx3g; fx4g; fx5g.
Next, we consider the k-lower and k-upper approximations of the vague set A. If k ¼ 0:6; l ¼ 0:85, we have
ARk ¼ f½0:2;0:5=x1; ½0:2;0:5=x2; ½0:2; 0:5=x3; ½0:1; 0:4=x4; ½0:2;0:5=x5g;
ARk ¼ f½0:7;0:9=x1; ½0:7;0:9=x2; ½0:7; 0:9=x3; ½0:1; 0:4=x4; ½0:7;0:9=x5g;
ARl ¼ f½0:2;0:5=x1; ½0:4; 0:6=x2; ½0:4;0:6=x3; ½0:1;0:4=x4; ½0:4;0:6=x5g;
ARl ¼ f½0:2;0:5=x1; ½0:7; 0:9=x2; ½0:7;0:9=x3; ½0:1;0:4=x4; ½0:7;0:9=x5g:
Y. Shen, F. Wang / International Journal of Approximate Reasoning 52 (2011) 281–296 295By Deﬁnition 4.3, if a ¼ 0:3; b ¼ 0:6, then the ab-level sets of ARk ; ARl and ARk ; ARl are calculated, respectively, as follows:
AabðkÞ ¼ ;; AabðkÞ ¼ fx1; x2; x3; x5g;
AabðlÞ ¼ fx2; x3; x5g; AabðlÞ ¼ fx2; x3; x5g:Similarly, the roughness measures including the levels k and l of the vague set A can be obtained, respectively.qabA ðkÞ ¼ 1
AabðkÞ
 
AabðkÞ
  ¼ 1
0
4
¼ 1;
qabA ðlÞ ¼ 1
AabðlÞ
 
AabðlÞ
  ¼ 1
3
3
¼ 0:6. Conclusions
The integration of the vague set theory and rough set theory is an interesting and valuable research work, which has been
studying until now. In 2005, the rough approximations of a vague set in Pawlak approximation space were proposed by
Wang, etc. However, a problem was presented, which was how to extend the rough approximations of a vague set to the
fuzzy approximation space. Therefore, we investigate the rough approximations of the vague sets in fuzzy approximation
space to give some answers for the previous problem.
In this paper, we introduce the deﬁnition of the lower and upper approximations of a vague set in fuzzy approximation
space based on the b-operator and b-complement operator. In fact, the concept is not only an extension of the fuzzy rough
sets, but also can be regarded as a generalization of the rough vague sets deﬁned in Pawlak approximation space. The rough
approximations of a vague set are different from the ones of a fuzzy set. The former is not only consider the meaning of
approximation operators, but also take into account the conditions required by both the truth and false-membership func-
tions of approximation operators. While the latter is not the case. In addition, k-lower and k-upper approximations contain-
ing the parameter k are also proposed. In essence, these approximation operators are rough approximation operators deﬁned
in Pawlak approximation space. Since that some properties of these two types are studied, and show that the lower and
upper approximations of vague sets in fuzzy approximation space have the same properties as those in the classical rough
sets, fuzzy rough sets, rough fuzzy sets and vague sets deﬁned in Pawlak approximation space. Similarly, we have also de-
ﬁned a roughness measure of a vague set in fuzzy approximation space.
In the past, most approximation operators of a fuzzy or vague set have always been deﬁned by the operators ‘‘_” and ‘‘^”
(or ‘‘sup” and ‘‘inf”) in any approximation space. Whereas, those operators are so limited that it is difﬁcult to accurately un-
earth the essence of fuzzy phenomenon. Hence, it is necessary to deﬁne rough approximation operators by different
methods.
To sum up, this paper is a new combination of the rough set theory, vague set theory and fuzzy set theory, and will help
deal with some incomplete and imprecise issues. Of course, it will also bring us with many new problems worth considering.
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